We give explicit formulas enumerating 4-regular labelled and unlabelled one-face maps.
Introduction
By an one-face (or unicellular) map M on a compact connected orientable surface which is fully characterized by its genus g, we will denote an imbedding of a connected graph G, loops and multiple edges allowed, into a compact and oriented surface X, such that G is as a subset of X and complement X \ G is homeomorphic to a topological polygon. This complement is the only face of the map M, having v vertices (points on the surface X) and n edges (nonintersecting curves on the surface that have no common points other than the vertices of the graph).
4-regular maps play an important role in different fields of mathematics. They have been used for the knot problem in low-dimensional topology [1] , for rectilinear embedding in VLSI [2] , for the Gaussian Crossing Problem [2] , for the folding of RNA interaction structures [3] , and for enumerating some other kinds of maps. In its turn, one-face maps are extensively used in a number of instances in pure mathematics including finite type invariants of knots and links [4] , [5] , the representation theory of Lie algebras [6] , the geometry of moduli spaces of flat connections on surfaces [7] , mapping class groups [8] and in applied mathematics including codifying the pairings among nucleotides in RNA molecules [10] and data structures analysis [12] . The present paper is devoted to the problem of enumerating 4-regular one-face maps or, equivalently, objects dual to these maps, namely 1-vertex quadrangulations of a surface of genus g.
The first work on the subject of enumerating rooted maps on genus g surfaces was the work of Walsh and Lehman [13] . Using Tutte's approach for enumerating planar maps [14] , [15] , the authors derived the recurrence relation for the numbers of rooted maps and calculated the first terms of the corresponding sequnces. In addition, that paper contained an explicit expression for the number ε g (n) of one-face maps with n edges on a surface of genus g, as well as a formula for the number of unicellular maps of genus g with prescribed vertex degrees. However, the combinatorial sense of these formulas remained unclear. The first success in deriving similar results combinatorially was the work [16] . Chapuy used an original approach based on the reduction of an one-face map to an one-face map of a lower genus. He obtained a new recurrence relation for the numbers ε g (n) and gave an elegant combinatorial interpretation of it. In the same paper it was shown how to use this technique to enumerate special kinds of maps, for example, cubic one-faced maps. In the first part of the present work we apply this approach to enumerate 4-regular rooted one-face maps of genus g.
In the eighties of the last century the first papers [17] , [18] devoted to enumerating unrooted planar maps appeared. Ideas of the work [17] were significantly developed and improved by Mednykh and Nedela in [19] . Mednykh and Nedela introduced a concept of a map on an orbifold, i.e. a map on a quotient of a surface under a finite group of automorphisms. They enumerated unrooted maps on an orientable surface of a given genus g with a given number of edges n. To accomplish this, they derived a formula for the number of order-preserving epimorphisms from the fundamental group of an orbifold onto the cyclic group Z l . In the second part of the present work we use the approach described in [19] and the results obtained in the first part to enumerate 4-regular unrooted unicellular maps of a given genus g.
Statement of the Problem
For the problem of enumeration it is convenient to use the combinatorial definition of an unicellular map. Namely, any one-face map M having n edges and k vertices could be specified by the triple (H, α, σ), where H describes the set of semi-edges of M, |H| = 2n. The vertices, edges and the only face of M are defined by the cycles of the permutations α, σ and γ = ασ, where α is a fix-point-free involution, γ is a cyclic permutation of length 2n, and σ is a collection of k cycles ω i corresponding to the vertices of M. For example, figure 1 shows an one-face map of genus 2 with n = 6 edges and k = 3 vertices. This map is described by the permutations Euler's characteristic formula states that the number k of vertices and the number n of edges uniquely determine the genus g of the surface into which a graph is embedded:
This formula makes it possible to determine for given α and σ the genus g of an arbitrary map M and for given g and n compute the number of vertices k. From the handshaking lemma it follows that for a 4-regular map the number of vertices is v = n/2. Taking into account the formula (1), we obtain that the number n of edges and the number k of vertices are given by n = 4g − 2,
A map is rooted if a semi-edge or a dart (an edge-vertex incidence pair) is distinguished as its root. By counting maps we mean counting equivalence classes of maps under orientation-preserving homeomorphism. For rooted maps any homeomorphism should preserve the distinguished oriented edge. In this case a homeomorphism preserves all the darts [15] , so that rooted maps can be counted without considering symmetries. That is why this paper starts with the enumeration of rooted 4-regular unicellular maps. Unrooted maps are enumerated in the second part. We also include a table listing the numbers of rooted and unrooted 4-regular unicellular maps counted by genus.
3 Enumeration of rooted 4-regular one-face maps
Following [16] , we denote by r the root edge of a map m = (H, α, σ) and introduce a linear order on the set H of its semi-edges as follows:
In other words, the ordering of H is induced by the traversal order of semi-edges along the only face of m performed with edges on the left ( figure 1 ). This ordering, in turn, implies the ordering of semi-edges in a cycle
of a permutation σ that describes some vertex v i of a map m. An important observation made in [16] is the following. Consider three arbitrary semi-edges a 1 , a 2 and a 3 that belong to a common vertex v i . In the planar case (g = 0) when traversing along a planar tree m performed with edges on the left, these semi-edges in the permutation σ are ordered in the same way as in the permutation γ.
In the case g > 0 necessarily exists a vertex v i and a triple (a 1 , a 2 , a 3 ) of semi-edges belonging to it, such that their order in ω i (for example, (a 1 , a 2 , a 3 )) is opposite from that in the cycle of γ (namely, (a 1 , a 3 , a 2 )). We say that such a triple of semi-edges is intertwined in v i . Using these semi-edges, one can cut the vertex into three new vertices, getting some new one-face map m ′ = (H, σ ′ , α ′ ) on a surface of genus g − 1 with the same number of edges. Conversely, for a map m ′ of genus g − 1 one can choose three of its arbitrary semi-edges a 1 < a 2 < a 3 belonging to three different vertices and glue these vertices into one new vertex v. As a result of this gluing operation a new one-face map m of genus g is obtained and its semi-edges a 1 , a 2 and a 3 are intertwined at v. In [16] it is shown that these two operations are inverses of each other.
Moreover, a stronger result is proved in [16] .
being the vertex incident to h, min v(h) being the minimal semi-edge incident to v(h).
Lemma 3.2 (Chapuy). Every one-face map m = (H, α, σ) of genus g has exactly 2g trisections.
Presence of a trisection in a vertex is equivalent to presence of some intertwined triple in it. The problem is that more intertwined triples than trisections could exist. However, Chapuy has showed a way of mapping each trisection to a unique intertwined triple. Moreover, 2g trisections of a map m are divided into two groups depending on the result of cutting the vertex at the corresponding intertwined triple. The first one (so called trisection of type I) leads to a map of genus g − 1 with three distinguished vertices. The second one (so called trisection of type II) corresponds to a map of genus g − 1 with two distinguished vertices v 1 , v 2 and a vertex v(τ ) with a distinguished trisection τ , such that min(v 1 ) < min(v 2 ) < min(v(τ )). These vertex-cutting operations are bijections between the corresponding classes of maps. We apply the approach described above for the enumeration of 4-regular rooted one-face maps. Consider an one-face (1 ÷ 4) map of genus g, i.e. some map m having only the vertices of degrees one or four. Let n be the number of edges in the map m, s be the number of leafs, and k be the number of vertices of degree 4. From the Euler's formula and the handshaking lemma it follows that these numbers are connected with the genus g of the map m by the relations
Let ε (1÷4) g (k) be the number of one-face (1 ÷ 4)-maps of genus g with k vertices of degree 4. For each of these maps there are 2g ways to distinguish a trisection, so the total number of rooted (1÷4)-maps with a distinguish trisection is equal to 2g · ε
Note that for (1 ÷ 4) maps any trisection τ necessary belongs to type I. Indeed, a trisection of the other type can only appear when at least one of three vertices obtained by cutting the vertex with the trisection τ has a degree greater than or equal to three. So, cutting any such map m with a distinguished trisection yields a rooted one-face (1 ÷ 2 ÷ 4)-map m ′ with three distinguished vertices having degrees 1, 1 and 2. In this map we will have k − 1 vertices of degree 4, the only vertex of degree 2 and s + 2 vertices of degree 1. One could erase a vertex of degree 2, replacing two of its incident edges by a single edge to get a (1 ÷ 4)-map. However, this wouldn't establish a bijection because one of the erased semi-edges incident to a vertex of degree 2 might have been a root. ways to distinguish two leafs and (n − 1) ways to distinguish an edge. If we subdivide a distinguished edge into two edges by putting a vertex of degree 2 in its middle, two semi-edges incident to the new vertex are guaranteed not to be a root. To remedy this situation we use the principle of double counting. Namely, one could count maps having two roots, say, red and green, with a red root not be incident to a vertex of degree 2, in two ways: by choosing a red root in a green-rooted map or by choosing a green root in a red-rooted map. This results in an additional factor 2n/(2n − 2) in the following number of ways to get a rooted (1 ÷ 4)-map of genus g with n edges, k vertices of degree 4 and s leafs from a rooted (1 ÷ 4) map of genus g − 1 with (n − 1) edges, (k − 1) vertices of degree 4 and (s + 2) leafs:
The described correspondence between the maps of genus g and genus g − 1 enables us to write the following recurrence relation for the number ε (1÷4) g (k) of one-face rooted (1 ÷ 4)-maps with n = 3k + + 1 − 2g edges:
This recurrence could be easily unwinded to the genus g = 0:
It remains to obtain an expression for the numbers ε (1÷4) 0 (k t ) of rooted (1 ÷ 4)-trees on a sphere that have n t edges, k t vertices of degree 4 and s t leafs. From the handshaking lemma and the Euler's equation we get n t = 3k t + 1,
It's known that the numbers of 4-trees having k t inner vertices and rooted at one of the leafs are Fuss-Catalan numbers
Multiplying C 4 (k t ) by the number 2n t of semi-edges, we get the number of (1 ÷ 4)-trees having two roots. One of these roots is a leaf, and the other is a semi-edge. The same number could be obtained by multiplying ε (1÷4) 0 (n t ) by the number s t of leafs. This double-counting arguments yields
Note that this expression is valid for any (1÷d)-trees. Taking into account that n t = n−g, k t = k −g and s t = s + 2g, we conclude that the number of (1 ÷ 4)-maps on the surface of genus g is given by
where n and s are related to k and g by (3). Substituting s = 0, k = 2g − 1 and n = 4g − 2 into (4) we get the formula for the numbers ε 
Enumeration of unrooted 4-regular one-face maps
The main instrument for the enumeration of unlabelled objects is the Burnside Lemma. It allows to express the number of unlabelled objects through the number of labelled objects which are fixed by the action of some group G that defines the equivalence relation. In the paper [19] it has been shown that in our case we could restrict the action of G to the set of periodic orientation-preserving homeomorphisms of the embedding surface. So we have to describe and enumerate the maps that are fixed under the action of the corresponding homeomorphisms. For describing these maps we will use the notion of so-called quotient maps on orbifolds [19] .
Consider as an example the representation of torus as a 2n-polygon with the opposite sides pairwise identified. Assume that there is a possibility to draw some map on this polygon is such a way that it is fixed by the rotation of the polygon by the angle of 2π/L. In this case we say that this map admits this automorphism of period L. The polygon's points with respect to the described action are divided into two subsets: the infinite subset of points in a general position and the finite subset of points in a special position (so-called branch points). Any point in general position lies on the orbit of period L, while a branch lies on an orbit with a period less than L. A quotient map also differs from the ordinary map as it can contain dangling semi-edges besides the ordinary edges. They appear when the preimages of some branch point fall into the centers of edges of M. It is necessary that this branch point has branch index 2. Any ordinary edge of M is multiplied into L edges of M, but a semi-edge corresponds only to L/2 edges of M.
Note that several different homeomorphisms could correspond to the same orbifold. Mednykh and Nedela have proved that the number of them is given by the formula
where m = lcm(m 1 , . . . , m r ) is the least common multiple of branch indices, 
Summing up the above one could get from the Burnside's lemma the following formula for the number of unrooted maps on the surface of genus g [19, Th. 3.1]:
Here ε O (2n/L) is the number of rooted quotient maps with 2n/L semi-edges on an orbifold O corresponding to maps with specified properties, in our case, 4-regular one-face maps.
To use this formula we have to solve two problems. First, we have to describe all the orbifolds which satisfy the constraints (7), (8) and (9) . Second, we have to understand how do quotient maps that correspond to 4-regular one-face maps look like, and enumerate them.
We note first of all that if the original map M on a surface X was unicellular, then the map M on an orbifold O would also be unicellular. A face on an orbifold corresponds to a single face of the original map if and only if it contains a branch point of index L. In other words, we should take into account only those orbifolds that contain at least one branch point of index L. To be specific, let m r = L. From the condition (8) it follows that We noted above that m = L. Setting i to be equal to r in (9) we get that
As all m i , i = 1, . . . , r − 1, divide 4, it follows from (11) that L also divides 4. The case L = 1 corresponds to a trivial automorphism and all the labelled maps M on a surface X. The number of those is given by the sequence ε
g defined in (5) . It follows that for our case of 4-regular one-face maps the equality (10) could be rewritten as
where f 2 (g) and f 4 (g) are the summands corresponding to L = 2 and L = 4.
Next we define ranges for variables in orbifold signatures and also count the numbers of corresponding epimorphisms. Consider first the case L = 2. As it can be seen from the condition (11), all r branch points of the orbifold O are in this case of the index m i = 2. Substitution of these values into the formula (6) provides the number of epimorphisms equal to m 2g = 4 g . The Riemann-Hurwitz equation (7) in the case m i = 2 becomes
This equation and the inequality r > 0 imply that g varies form 0 to ⌊g/2⌋. Now let L be equal to 4. Condition (11) means that among the branch points coinciding with the vertices of the factor-map M, there should be at least one point with the index m i = 4. We denote by r 4 1 the number of branch points with the index 4, and by r 2 number of branch points with the index 2. Then the Riemann-Hurwitz equation (7) yields the following: 2g = 8g − 6 + 3r 4 + 2r 2 .
From this equation it follows, first, that r 4 is an even number. Second, g varies from zero to some value corresponding to the minimum values of r 4 = 2 and r 2 = 0, that is, from zero to ⌊g/4⌋. When g and g are fixed, the parameter r 4 varies from r = ⌊2(g + 3 − 4g)/3⌋ that corresponds to r 2 = 0. Finally, from the formula (6) we see that the number of epimorphisms for L = 4 is equal to 2 4g−1+r 4 .
It follows from (2) that any one-face 4-regular map M on a surface X with the genus g has 2g − 1 vertices. Next we count the number of vertices of the corresponding factor-map M on an orbifold O with the genus g.
Consider first a quotient map M on an orbifold O that corresponds to the case L = 2 and has r branch points of index 2. Quotient map vertices that coincide with the branch points of the orbifold have degrees equal to 4. The remaining vertices of this map have degree 4. It is also convenient to think of dandling semi-edges of the quotient map M as of normal edges of some other map M on a surface of genus g with leafs at their ends. We denote by s the number of leafs of the map M (that is, the number of danglind semi-edges of the quotient map M), by l the number of vertices of degree 2, and by k the number of vertices of degree 4. Next we obtain the relation between the parameters s, l and k.
Since the number of vertices of degree 2 is equal to the number of branch points coinciding with the vertices of M, it follows that
To calculate the number k of vertices of degree 4 it remains to subtract the number l of vertices coinciding with the branch points from the number 2g − 1 of the vertices of the original map and then divide the result by two: each vertex of a factor-map M on the orbifold that does not coincide with any of the branch points corresponds to L = 2 vertices of the original map M. So,
We now turn to the description of the quotient-map M corresponding to the map M in the case L = 4. As noted above, in this case one branch point of index 4 necessarily falls into the face. The remaining r 4 − 1 branch points of index 4 necessary fall into the vertices of degree 1 of the quotient map M. Again, denote by s the number of branch points coinciding with the dangling semi-edges of the quotient map M. As well as in the previous case, they could be viewed as vertices of a map M on the surface of genus g. Thus, the map M has a total of s = s + r 4 − 1 leafs. Now we count the numbers l and k of vertices of degree 2 and 4 correspondingly. Vertices of degree 2 are the ones that coincide with the orbifold's branch points of index 2. Since s out of r such branching points fall into dangling semi-edges of the quotient map M, then the remaining r 2 − s ones fall into vertices, so l = r 2 − s. The number k of vertices of degree 4 in this case is given by the formula k = 2g − 1 − (r 4 − 1) − 2(r 2 − s) 4 = 2g − r 4 − 2r 2 + 2s 4 = 4g − 3 + r 4 + s 2 .
Indeed, from the total amount 2g − 1 of vertices of the original map M we should subtract the amount r 4 − 1 vertices that turned into leafs on the quotient map, the doubled number 2(r 2 − s) of the vertices that turned into vertices of degree 2, and then divide the result by 4: each vertex that does not coincide with the orbifold's branch points is multiplied into L = 4 vertices on the surface of genus g. Consequently, s = 2k + 3 − 4g − r 4 , l = g − 2k + r 4 /2.
